Abstract. The main result in this paper is the C ∞ closing lemma for a large family of Hamiltonian flows on 4-dimensional symplectic manifolds, which includes classical Hamiltonian systems. First we prove the C ∞ closing lemma and the C r general density theorem for geodesic flows on closed Finsler surfaces by combining a result of Asaoka-Irie with the dual lens map technique. Then we extend our results to Hamiltonian flows with certain restriction. We also list some applications of our results in differential geometry and contact topology.
Introduction
The C r (r ≥ 2) closing lemma was put forward by Smale ( [Sma98] , Problem 10) as one of the most important open problems for this century. Given any non-wandering point v of a dynamical system, either a diffeomorphism or a flow, the goal of the C r closing lemma is to make a C r pertubation of the dynamic to close the orbit which starts at v.
The history of the closing problem dates back to Poincaré [Poi92] . It has been actively studied since the pioneering work of Pugh [Pug67a] [Pug67b] , who established the C 1 closing lemmas for flows and diffeomorphisms. The C 1 closing lemmas for symplectic diffeomorphisms and Hamiltonian flows were proved later by Pugh-Robinson [PR83] . In higher smoothness r ≥ 2, despite of the strong interest in the closing problem, the C r closing lemma was only known in a few special cases [Gut00] [AZ12] . A celebrated counterexample constructed by Herman [Her91] disproves the C ∞ closing lemma for Hamiltonian flows. Recently Asaoka-Irie [AI16] proved the C ∞ closing lemma for Hamltonian diffeomorphisms of closed surfaces by applying the ECH (embedded contact homology) techniques developed by CristofaroGardiner, Hutchings and Ramos [CGHR14] .
As we turn our attention to Riemannian geodesic flows, only the C 0 closing lemma [Rif12] was confirmed. The major difficulty in the setting of Riemannian geodesic flows is one cannot make a local perturbation without breaking the Riemannian structure. However, the Finsler counterparts are more flexible [Che17] , allowing us to make perturbations in an arbitrarily small neighborhood.
For any 2 ≤ r ≤ ∞, we use F r (Σ) to denote the set of all C r smooth Finsler metrics on Σ, equipped with C r topology. Denote by F r R (Σ) the subspace of reversible C r smooth Finsler metrics. A subset in F r (Σ) (resp. F r R (Σ)) is called residual if it contains a countable intersection of open dense sets. Denote by U ϕ M the unit tangent bundle of (M, ϕ). Theorem 1.1. Let Σ be a closed surface. For any ϕ ∈ F ∞ (Σ)(resp. ϕ ∈ F ∞ R (Σ)) and any v ∈ U ϕ Σ, there exists a C ∞ -small perturbationφ ∈ F ∞ (Σ)(resp.φ ∈ F ∞ R (Σ)) of ϕ, such that the geodesic in (Σ,φ) which starts at v is closed.
Note that the phase space of a geodesic flow is a symplectic manifold with exact symplectic form, which is not the case for Hermann's counterexample [Her91] . Thus our results provides evidence that the C ∞ closing lemma should hold for Hamiltonian flows on exact symplectic manifolds.
To prove Theorem 1.1 we first prove the following localized closing lemma:
) such that the resulting geodesic flow has a periodic orbit passing through U . Theorem 1.2 implies the C r (r ≥ 2) general density theorem: Theorem 1.3. For any closed surface Σ there exists a residual set P ⊂ F r (Σ) (or F r R (Σ)) such that the periodic geodesics of any ϕ ∈ P form a dense set in U ϕ Σ. Proof. Using the standard Baire argument together with Theorem 1.2 we can prove the case r = ∞. For r < ∞ notice that F ∞ (Σ) is a dense subset in F r (Σ).
Theorem 1.1 also holds for a more general family of Hamitonian flows. Let H : Ω → R be a smooth Hamiltonian on a symplectic manifold (Ω, ω) and let Φ t H be the corresponding Hamitonian flow. We say that the level set H −1 (h) is regular if h is a regular value of H. A regular level set H −1 (h) is of contact type (see [Wei79] ) if there exists a 1-form λ on H −1 (h) such that dλ = ω and λ(Φ t H (x)) = 0 for any
Theorem 1.4. Let (Ω, ω) be a symplectic 4-manifold and H : Ω → R be a smooth Hamiltonian. Assume that the regular level set H −1 (h) is compact and of contact type. Then for any v ∈ H −1 (h), one can make a C ∞ -small perturbationH of H such that the Φ tH -orbit through v is closed. 
, the length of γ can be defined by
We define a quasimetric d : M × M → R by setting d(x, y) to be the infimum of the lengths of all piecewise smooth curves starting from x and ending at y. It is clear that d satisfies the triangle inequality The following lemma is a simple corollary of the triangle inequality:
Lemma 2.1. For all v ∈ U ϕ M and sufficiently small r > 0, we have D
2.3. Geodesic flow on cotangent bundles. Another version of geodesic flow is defined on the cotangent bundle T * M . Notice that T * M is symplectic with a natural symplectic form ω = dq i ∧ dp i . For any Finsler manifold (M, ϕ), we define the dual norm on cotangent bundle T * M by
The geodesic flow g ϕ t on T * M is defined to be the Hamiltonian flow on the cotangent bundle T * M with Hamiltonian (ϕ * ) 2 /2. We denote by U * ϕ M the unit cotangent bundle of (M, ϕ). Since the Hamiltonian H is invariant under Hamiltonian flow Φ When dim Y = 3, a remarkable result from Cristofaro-Gardiner, Hutchings and Ramos [CGHR14] shows that the volume of Y is determined by its embedded contact homology (ECH). By applying this result to perturbation of Reeb flows, Irie [Iri15] (see also [AI16] ) proved the following lemma: given any open set U in a Riemannian surface (M, g), one can make a conformal perturbation of g so that there exists a closed geodesic in the perturbed metric passing through U . The argument is a direct application of the above lemma by taking h ∈ C ∞ (M, R ≥0 )\{0} supported on U . However, unlike Theorem 1.2, this result does not have any control in the direction of the closed geodesic. It is tempting to try and prove Theorem 1.2 by taking a C ∞ -small function h supported on an open set in U Once (D, ϕ) is simple, denote by U in , U out the set of inward, outward pointing unit tangent vectors with base points in ∂D respectively. We consider subsets U * Definition 3.2. For any symplectic map σ : U * in → U * out we define two maps P σ :
and
here π : T * D → D is the bundle projection and S := ∂D.
Remark 3.3. Note that P σ = Q σ • σ and both maps are bijection. The map P −1 σ (Q −1 σ resp.) takes two different points on the boundary S and reports the inwards (outwards resp.) covector of the geodesic connecting these two points.
Definition 3.4. Let ∆ := {(x, x) ∈ S × S : x ∈ S}. We define a 1-form λ σ on S × S\∆ as follows. For p, q ∈ S, p = q, ξ ∈ T p S, η ∈ T q S, define
In [BI16] , the following theorem is proven, saying that under certain natural restrictions, a symplectic perturbation of σ is the dual lens map of some Finsler metric closed to ϕ: for some (and then all) p ∈ S. The choice ofφ can be made in such a way that ϕ converges to ϕ in C ∞ wheneverσ converges to σ in C ∞ . In addition, if ϕ is a reversible Finsler metric andσ is reversible thenφ can be chosen reversible as well. Proof. Take p ∈ ∂D 2 \π(U ) and denote by (U *
By applying Theorem 3.5 again we finish the proof.
Remark 3.7. Proposition 3.6 remains valid for higher dimensions. It is an easy corrollary of Theorem 2 in [BI16] .
Remark 3.8. The perturbation in Proposition 3.6 is a local perturbation. Namely, the perturbation ofφ − ϕ can be confined to an arbitrarily small open neighborhood of α, if the support ofσ − σ is sufficiently small. 
Namely, under this coordinates the flow in U is given bẏ
It is clear that the condition X H (x) = 0 can be fulfilled once we assume h = H(x) is a regular value. Now we fix a regular value h. For any x ∈ H −1 (h) and T > 0, let Σ 0 , Σ T ⊆ H −1 (h) be two transversal sections containing x and Φ T H (x) respectively. We denote by P T : Σ 0 → Σ T the Poincaré map between these sections with respect to Φ t H . Similar to the dual lens map, the Poincaré map P T is symplectic with respect to the restriction of ω on Σ 0 and Σ T . The following proposition shows that any local perturbation of P T near x can be realized as the Poincaré map of a perturbed Hamiltonian flow: Proposition 3.10. Let V be a sufficiently small open neighborhood of x in Σ 0 and P T : Σ 0 → Σ T be a symplectic perturbation of P T on V . There exists perturbatioñ H of H such thatP T is the Poincaré map with respect to Φ tH . The choice ofH can be made such that asP We denote by Π the projection in U to itsq coordinates and c x (t) the orbit segment between x and Φ t H (x). Since U is open, we can find
out be the dual lens map of D. By taking V sufficiently small we may assume all orbits starting from V pass through U * in before time T . Hence any C ∞ small symplectic perturbation of the Poincaré map P T on V is equivalent to a C ∞ symplectic local perturbation of σ, which can be realized as a local perturbation of the Euclidean metric in D via Proposition 3.6 and Remark 3.8. Such pertubation of H 0 gives the desired perturbation of H.
4.
Proof of Theorems 1.1, 1.2 and 1.4
In this section we will use the results in Section 2 and 3 to prove the main theorems. On the other hand, α 0 ∈ U * 0 implies α ∈ L (U ). Thus α ∈ γ ∩ L (U ). However, the Reeb flow on (U * ϕ Σ, (1 + th)λ) may not be a geodesic flow. In order to get a geodesic flow we need to apply Corollary 3.6.
( For reversible Finsler metrics, notice thatσ − σ is supported on U * − . We define a mapσ :
otherwise.
If σ is reversible, so doesσ. By applying Corollary 3.6, we can get a reversible simple Finsler disc (D,φ) with dual lens mapσ.
In order to prove Theorem 1.1 we need the following perturbation lemma from Newhouse [New77] (see also [Xia96] ):
Lemma 4.1. Let (M, ω) be an n-dimensional compact symplectic manifold with metric d induced by some Riemannian structure. There exist 0 and c > 0, such that for any 0 < δ, ≤ 0 , r ≥ 1 and x, y ∈ M with d(y, x) < cδ r , there is a ψ ∈ Diff ∞ ω (M ), ||ψ − id|| C r < such that ψ(x) = y and ψ(z) = z for all z / ∈ B δ (x).
Remark 4.2. Notice that in the orginal version in [New77] , they got ψ ∈ Diff r ω (M ). However, the proof still holds if we replace C r by C ∞ and the unperturbed diffeomorphism (identity map in our case) is C ∞ .
Proof of Theorem 1.1. Let d be any metric induced by a Riemannian structure on
. Since D ± are simple we use σ ± to denote the dual lens maps of ( By Lemma 4.1, one can find ψ ∈ Diff [CGHP] imply that a generic Finsler S 2 has either two or infinitely many closed geodesics. By taking Σ = S 2 in Theorem 1.3, we can improve the generic result with the following corollary:
Corollary 5.1. For any r ≥ 1, a C r -generic Finsler S 2 has infinitely many distinct prime closed geodesics.
In particular, one can make a C ∞ perturbation of Katok's Finsler S 2 to get a dense set of periodic geodesics in the unit tangent bundle.
Dynamics between KAM tori.
Another interesting application of Theorem 1.3 is when Σ is T 2 = R 2 /Z 2 . By KAM theorem any C r -small (r ≥ 5) perturbation ϕ of a flat metric ϕ 0 still has a large family of invariant tori in the unit cotangent bundle. The dynamics on these tori are quasi-periodic but not periodic. Since the KAM tori are of codimension 1 in the energy surface, they separate the unit cotangent bundle. It was proved by Conley-Zehnder [CZ83] that KAM tori are approximated by periodic orbits. Theorem 1.3 and Theorem 1.4 show that for C ∞ -generic Finsler metric (or a C ∞ -generic Hamiltonian flow on T * T 2 ) near any flat T 2 , the closure of all periodic orbits fills in the entire energy surface. 5.3. Level sets of contact type. A hypersurface S ⊆ Ω is of contact type if and only if it is traverse to a vector field on Ω which preserves ω (cf. Lemma 2 in [Wei79] ). This criterion allows us to verify the following examples without finding a contact 1-form:
• If Ω = R 4 , any star-shaped (namely, transverse to the radical vector field) compact hypersurface is of contact type [Wei79] . In particular, any convex hypersurface is of contact type.
• If Ω = T * Σ for a closed surface Σ, let S be a hypersurface whose projection onto Σ is proper. Then S is of contact type if and only if its intersection with each cotangent space T * x Σ is star-shaped [Wei79] . For example, the level sets of a Tonelli Hamiltonian are of contact type.
• If Ω = T * Σ for a Riemannian surface Σ and H is a classical Hamiltonian, namely, H = K + V where K is kinetic energy and V is a potential on Σ, then any compact regular energy surface of H is of contact type (see [HZ11] Chapter 4.4).
